
DIS x    1 Factorization
analyzed by Sterman 20 years ago

many (too many?) SCET analyses
(Manohar; Chay & Kim; Chen,et. al.; Idilibi, et. al.; Pecjak; Becher, et. al.; Idilbi & Mehen,...) 

Idilbi & Mehen, hep-ph/0702022 (see Idilbi’s talk)   

Is there consensus on how to analyze this process?

reproduce Sterman’s fact. theorem

zb subtraction in collinear matrix elements        essential:φ, J

- reproduce QCD virtual, tree level IR divergences (pure DR)

- get right jet UV divergences, anomalous dimension  



Chay and Kim., hep-ph /0511066
Similar analysis, zb subtraction in jet function ?

Why are there subleading terms in the one-loop calculation

with D = 4 − 2ε, are given as
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where ω′ = n · (p + p′). Note that the terms proportional to θ(ω) (ω > 0) in Eq. (57)

contribute to the quark distribution function, while those with ω < 0 contribute to the

antiquark distribution function. Therefore the sum of all the corrections contributing to the

quark distribution function is given by
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while the contribution to the antiquark distribution function is obtained by replacing ω and

ω′ by −ω and −ω′ respectively in Eq. (58).

The zero-bin contribution in each diagram is obtained by the loop integral in Eq. (57),

where the collinear loop momentum covers the soft region in which n · l ∼ Λ and n · l ∼ Λ2

M0
a = M0

b = −2ig2CF
/n

2

∫ dDl

(2π)D

1

l2(n · l + p2/n · p)n · l
[

δ(ω − ω′) − δ(ω − ω′ − 2n · l)
]

,

M0
c = −ig2CF

/n

2

1

(n · p)2

∫ dDl

(2π)D

(D − 2)l2⊥
l2[n · l + p2/n · p]2

δ(ω − ω′ − 2n · l). (59)

Here M0
c is suppressed by Λ2/Q2 and it becomes zero when performing the loop integration.

The total zero-bin contribution becomes
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FIG. 4: Radiative corrections for the quark distribution operator at one loop.
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ω/ω′
→ 1

Why isn ‘t this 2?!?!
Manohar, hep-ph/0309268
Same issue (pre zb subtraction)
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FIG. 10: One loop correction to the quark distribution function. The double line is the ultrasoft Wilson line Y .

Figure 10(b) is the discontinuity of
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The same manipulations as the previous case give
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Figure 10(c) vanishes, since n2 = 0. Subtracting half
the wavefunction graph for each external quark line gives
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The infinite part of the matrix element is the sum of
twice Eq. (80), Eq. (83), and Eq. (84),
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in terms of the standard Altarelli-Parisi splitting kernel
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Equation (85) gives the operator renormalization equa-
tion
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with
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If one writes yp+ = k+ and wp+ = '+, then
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which makes no reference to the quark momentum p used
to compute the renormalization factor. The renormaliza-
tion is invariant under boosts in the z direction, under
which + components of momentum all get rescaled by a
common factor, p+ → λp+. Eq. (89) is valid for k+ > 0.
One can derive a similar expression for k+ < 0. The two
expressions can be combined into
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which is valid for either sign of k+.
Differentiating Eq. (90) with respect to µ gives the

renormalization group equation for the quark distribu-
tion operator
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Taking moments (see Appendix A for the definitions)
gives
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where
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is the anomalous dimension. For large values of N ,
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The infinite moments M∞
N [Oq (k+)] are local twist-two

quark operators ψ̄un/
(

in ·↔D
)N−1

ψu/2N , so the target

matrix elements of M∞
N [Oq (k+)] give the familiar mo-

ment sum rules for deep inelastic scattering. The mo-
ments M∞

N are defined by integrating k+ over [−∞,∞],
whereas the moments of quark distribution functions are
over 0 ≤ x ≤ 1, i.e. 0 ≤ k+ ≤ P+. The matrix element
Eq. (50) vanishes for |x| > 1, and its value for negative
values of x is related to the antiquark distribution,

fq/T (−x) = −fq̄/T (x) . (95)

Thus the matrix elements of M∞
N for even n, which are

the target matrix element of local twist-two operators,
are equal to the even moments of the structure function,
which sums over quarks and antiquarks. The matrix el-
ements of M∞

N for odd n vanish, and do not imply any
sum rule for the odd moments of the structure function.
The anomalous dimensions of the local twist two opera-
tors agree with the moments of the Altarelli-Parisi kernel,
Eq. (93).

In dimensional regularization, the finite parts of the
one-loop quark distribution operator matrix element van-
ish on-shell, since p⊥ = 0, p− = 0, and the loop inte-
grals are scaleless. The matrix element is therefore given
by its tree-level value δ(1 − x). The matrix elements of
the twist-two local operators also vanish on-shell, for the
same reason. This also shows that the quark distribu-
tion operator is equivalent to its moments (this is not
true for the B decay shape function [7]). The matrix ele-
ment for off-shell quarks contains logarithms of p2/µ2, so
the structure function should be evolved down to some
hadronic scale before taking the target matrix element so
that there are no large logarithms in the matrix element.
An important difference from the B → Xsγ shape func-
tion [3, 7] is that there is no additional matching that
has to be performed at the scale Q2λ2, i.e. Q2/N̄2.

The moment analysis for deep inelastic scattering has
been discussed in detail, even though it may be familiar
to many readers. The reason is that there are important
differences between the structure functions in deep in-
elastic scattering and the shape function in the decay of
heavy mesons, having to do with the range of the k+ inte-
gration in the moment of the quark distribution operator.
The results for B decays will be presented elsewhere [7].

B. Breit Frame

Structure function evolution in the Breit frame is given
by the graphs in Fig. 9(a–d,h–j). Many graphs van-
ish using n2 = n̄2 = 0. The only non-zero graphs are
Fig. 9(b,h–j).

The ultrasoft graph, Fig. 9(b), appears to have the
form of the ultrasoft vertex correction Eq. (27) with an
additional propagator for the intermediate ξn propaga-
tor. There is one very important difference, however. At

scales below Q2(1−x), the momentum p+
2 of the interme-

diate quark is of order Qλ, whereas the momentum of the
ultrasoft gluon is of order Qλ2. Thus the power counting
rules of the effective theory imply that the ξn propagator
denominator in Eq. (27), 1/[n·(p2−k)] must be expanded
in a power series in k, the momentum space analog of the
multipole expansion.3 The resulting integral vanishes, so
Fig. 9(b) is zero.

The collinear graph Fig. 9(i) gives
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and Fig. 9(j) gives
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where the relative minus sign in n̄·k is because the vertex
is from W † rather than W . The sum of the two graphs
has

1

n · (p − r) + i0+
−

1

n · (p − r − k) + i0+

= −
n · k

[n · (p − r) + i0+] [n · (p − r − k) + i0+]
, (98)
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which is the same as I1 in Eq. (77), and so gives Eq. (80)
for the running of the structure function.

There is no analog of graph Fig. 10(b), so its contribu-
tion Eq. (83) is missing. It is proportional to 1− w ∼ λ,
and so is of the same order as higher order terms in the
power counting which we have dropped.

The wavefunction contribution from the collinear
graph is the same as the full theory wavefunction con-
tribution, and gives Eq. (84). The structure function
evolution kernel in the Breit frame is

Pq←q(w) − CF (1 − w) (100)

3 This is analogous to the multipole expansion for the ultrasoft
fields in NRQCD [8, 13]. The multipole expansion is automatic
if one makes an additional field redefinition; see the discussion
after Eq. (101).

ω/ω′
→ ω

New Notation!!!!



Same fact. thm. (if s-c modes decoupled from BOTH c and h-c modes)

Contribution from ‘forbidden graphs’ which are removed by
 ‘in-out’ rule

Becher et. al., hep-ph/0607228

Correct            limit:x → 1

 This is subleading 
in SCET powercounting

and should automatically be excluded!

Is Subtracted by zero-bin
(purely soft)

How do we know that the  ‘in-out’ rule works to remove these 
types of contributions in other processes


